Make-Up Examination
Partial Differential Equations (MATH4220)
(Academic Year 2023/2024, Second Term)

Date: March 20th, 2024. Time allowed: 8:30-10:15

Recall that, the solution u for 1D heat equation

du = 0%u, in (t,z) € [0,00) x Ry,
up—g = ¢(z), for x € Ry,

is given by

1 o?
u(t, z) /S (t,x —y)o(y)dy, where S(t,z) = e 4.
VAt

For any r > 0, we denote
B,={zeR: |z|<r} and 9B, ={zeR’:|z|=1}.

1. Consider the following four questions.

(a) (5 points) State the definition of a linear PDE problem.

(b) (5 points) State the definition of a harmonic function.

(c) (5 points) State the definition of the well-posed problem.

(d) (5 points) State the definition of the mean-value property.

(e) (10 points) State the classification of the following second-order PDE:

allagu + 2a120,yu + a228§u + a10,u + a20yu + apu = 0,
where a}; + a2y + a3y # 0.
2. (15 points) Suppose that u is harmonic in B, \ {0} and satisfies
u(z) = o(jz|™!) asz — 0.
Show that u(x) can be defined at 0 and u(x) is harmonic on B,.

3. Let u = u(z) be a regular function on R3.



(a) (5 points) Show that

1
/ (x - Vu)Audz = / |Vu|?dz.
R3 2 R3

(b) (5 points) Show that

3
/ (x-Vu)udr = —— lu|?dz.
R3 2 R3

(c) (5 points) Show that

/ (z - Vu)ulde = —3/ lul*dz.
R3 4 Jrs

4. (15 points) Let u be a regular solution of the following nonlinear elliptic equation,

—Au+u—u®=0, onR>

Show that
Ki(u) = / (IVul? + ul? — [u]*) dz = 0,
R3

3
Ky(u) = /}R3 (Vu|2 - 8]u|4> dz = 0.

. (10 points) Derive the formal solution formula to the problem
pu(t,x) = d2u(t,x), for (t,z) € (0,00)?,
Ozu(t,0) =0, for t € (0, 00),
u(0,2) = p(z),  forz € (0,00),
by the method of reflection.
. (a) (10 points) Let u be a regular function and satisfies
Ou— 02u <0, onQ=1[0,T]x[0,L].

Show that
max u(t,x) = max u(t, x),
where 02 = {(t,z) € Q| either t =0, or =0, or x = L}.
(b) (5 points) Denote © = [0,T] x [0, L]. Let u be a regular solution of

du(t,x) = Dju(t,x) + f(t,x), on
u(0,2) =0, for x € [0, L],
u(t,0) = u(t,L) =0, for t € [0,T7.

Show that

max u(t, z) < tmax|f(t,x)|, for any ¢ e [0,T].
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